EQUIVARIANT MIRRORS AND THE VIRASORO 
CONJECTURE FOR FLAG MANIFOLDS 

DOSANG JOE AND BUMSIG KIM 

Abstract. We found an explicit description of all GL(n, R)-Whittaker 
functions as oscillatory integrals and thus constructed equivariant 
mirrors of flag manifolds. As a consequence we proved the Virasoro 
conjecture for flag manifolds. 



1. Introduction 

A general quintic hypersurface in CP 4 is a compact Calabi-Yau 
threefold. Its rational Gromov-Witten invariants had been predicted 
by mirror symmetry discovered in string theory M. The prediction 
was proven by Givental [|7J , which is to be explained as follows. Let 
be the virtual number of degree d rational curves in the quintic three- 
fold and let F(q) = 1 + | J2T=i n dd 3 jz^d- The Givental J-function J 
for the quintic hypersurface, satisfies the so-called quantum differential 
equation 



(ni 2 _i_(nl)V = o 

V dt> F{q) K dt ! 

where t = Inq and h is a formal parameter. The prediction was that 
the solutions to the quantum differential equation coincide with those 
to the Picard-Fuchs differential equation of the mirror family after the 
explicit mirror transformation. The periods I, the solutions to the 
Picard-Fuchs differential equation, are 

Ai=l 



r d(xi + ... + x 5 — 1) A d(xi....x 5 — q) 



where V are real 3-cycles in the affine varieties {x\+...+x^ = 1, Xi...x$ = 
q} birational to the mirror manifolds. 

In 1993 Givental proposed a generalization of this mirror phenome- 
non to non- Calabi-Yau manifolds. A mirror family of a Fano manifold 
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X is by definition a stationary phase integral representation 



e f < /h u„ 



rcY„ 



of solutions to the quantum differential equations of X up to change 



of coordinates, where q G H 2 (X, C)/27T\/^lif 2 (X, Z). Here f q is a 
holomorphic function on a possibly noncompact variety Y q and cUq is a 
holomorphic volume form on Y q . The mirror theorem has been estab- 
lished for Calabi-Yau or Fano complete intersections X in a projective 
space and further generalized to the case when the ambient space 
is a Fano toric projective manifold ||. 

The quantum differential operators for the flag manifolds have been 
found in [[14], [8| to be "quantum Toda operators" which are by definition 
nonconstant integrals of motions for quantum Toda lattice. Moreover 
a mirror family of the flag manifold has been constructed in ||. In 
this paper we build the equivariant mirror of the flag manifold, that 
is, a stationary phase integral representation of complete spectra of 
quantum Toda operators (see theorem ^). Using the equivariant mirror 
construction we confirm the so-called "R-conjecture" which leads to a 
proof of a formula for any genus gravitational descendent potential for 
flag manifolds and as a corollary we obtain the Virasoro conjecture 
for the manifolds (see theorem ^, theorem [7], and corollary ^). The 
equivariant version of the formula was obtained in [TT . 

Finally we remark that the integral representation that we found 
gives another explicit description of all GL(n, IR)-Whittaker functions 



0- 



2. Quantum Differential Operators for Flag Manifolds 

2.1. Quantum Toda Operators. Denote by £j, i = 0, ...,n, the stan- 
dard coordinate functions on C n+1 , and let g; = e ti_il_1 , i = l,...,n. 
Consider a matrix 



.4 



p qi ... 
-1 pt q 2 ... 

... -1 p n 



of size (n + 1) x (n + 1). If 



n+l 



det(A + xI) =x n+1 + ^A(Po,-,Pn 



, qi ,...,q n )x n+1 \ 



i=l 



denote D^h-^-, h^-, q\, q n ) simply by Dj unless stated otherwise. 



Let 

fc2 n Q2 ™ 

2^- at? ^ e 

i=0 1 i=l 

which is a quantization of the Hamiltonian of non-periodic Toda lat- 
tice. The quantum Toda lattice is a completely integrable system with 
quantum integrals Di, i = 1, n+ 1. We include an elementary proof 
of the commutativity of IV s which is known. 

Proposition 1. Let D be a linear holomorphic differential operator on 
C n+1 with coefficients in the Laurent polynomial ring C[h, e ±to , e ±tn ] 
overC[h]. Suppose that [H, D] = 0, then the coefficients of the principal 
part of D are contained in C[h]. 

Proof. Let m be the order of the differential operator D and for mul- 
tiple index a, let d a = J^-.. t^tt- Then D = , , a a d a + D' where 

UCq Ot n — | Ol I Til 

a a are some polynomials in e e " over C[h] and D' is a differential 
operator with order less than m. In the bracket [H, D], the degree m+1 
part is created only in [A, J2\ a \= m a ad a ] where A is the Laplace opera- 
tor It is enough to prove that if [A, E| a |= m a «^ a ] nas no or der 
m + 1 part then a a G C[H] for all a. To prove the claim, use induction 
on n. When n = 0, it is clear. Let n > 0. Without loss of generality, we 
may assume that a a are not in C[h] for all a. Let /c be the maximum of 
a for all a. Decompose ^\ a \ =m o Ja d a = J2 ao=k ci a d a + the rest. When 
«o is k, a a does not have terms in e ±to since [A, Yl\a\=m a ad a ] has no 
order m + 1. If [A, the rest] = ^/3 =fc bpd^ + D", then every &g depends 
on e ±to . So, [A, X!ao=fc aQ ^ a ] nas no or der m + 1 part. Now we apply 
the induction hypothesis to ^2 ao=k a a d a whose coefficients do not de- 
pend on t and conclude that a a G C[h] if «o = k. The conclusion is 
contradictory to the assumption that for all a, a a is not in C[h]. □ 

Theorem 1. [Di, Df\ = for all i = 0, n. 

Proof. The commutativity of H and Di is proven in ||. Since 
[H, [Di, Dj]} = 0, by the above proposition, the highest order part 
of [Di,Dj] has coefficients in C[h}. Now it is enough to prove the fol- 
lowing claim. For any multi-indices a and (3 and any a and b in the 
polynomial ring C[h, q±, q n ], if we let [ad a , bd 13 ] = c 7 <9 7 , then any 
c, 



cannot be in C[h] unless c 7 = 0. Notice that [ad a ,bd /B ] is 

( l> ) a(d a 'b)d a " + P - (b>) K9 'a)d^. 

//_„, nt i-Ln \ / ni\aii — a ai-t-n \ / 



a'+a"=a, v ' /3'+/3"=/3, /3'^0 
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However the polynomials a(d a 'b) and b(d@ a) in g i; i = 0,...,n, over 
C[H] have no constant coefficients of C[H]. So, c 7 are zeros or in 



2.2. Givental's J-functions for flag manifolds. Recall that the 
(resp. equivariant) quantum differential operators are defined to be 
operators which annihilate the (resp. equivariant) J-functions. For 
the flag manifolds they are generated by the quantum Toda operators. 

Let Fl{n + 1) be the set of all complete flags V\ C Vi C ... C V n C 
C n+1 of subspaces of C n , where dimV^ = i. It is the flag manifold 
of dimension n(n + l)/2. Consider the torus T = (C x ) n+1 action 
on Fl(n + 1) induced from the standard T action on C n+1 . Denote 
by Vj the universal subbundle over Fl(n + 1) with fiber Vi at point 
(Vi, V n ). Let Pi be the equivariant first Chern class cf (V i+ i/Vj), i = 
0, n. Here Vo is by definition rank bundle. Denote ify(point, Z) = 
if*(P 00 ) <x,n+1 = Z[A , A n ]. Here the following convention is used: the 
i-th equivariant Chern class cj (V„ + i) is the i-th elementary symmetric 
polynomial (Tj in Aq, A n . Then it is known that the equivariant small 
quantum cohomology ring of Fl(n+ 1) is generated by pi with relations 
Di(p,q) — (jj, i — l,...,n + 1. From now on take a torus T as the 
subgroup {(a , ...,a n ) \ Yli a % — 1} °f (C x ) n+1 so that o\ = 0. 

Let Mg tm (Fl(n+l), d) be the moduli of degree d stable maps (/, C, xi, x m ) 
to Fl{n + 1) from m pointed prestable genus g curves C and let evi 
be the evaluation map at the z-th marked point. Thus, / : C —>■ 
Fl{n + 1) is a morphism such that /*[C] = d G H 2 (Fl(n + 1),Z) 
and et> ([(/, C, xi, x m )]) is by definition f(xi). Let ipi be the first 
Chern class of the universal cotangent orbi-line bundle, whose fiber 
at [(f,C,xi,...,x m )] is T*_C. Fix a basis {4> a } of the free if£(point)- 
module H£(Fl{n + 1),Z). 

Define equivariant Givental's J-functions J a (t , A , A„) to 



C[h,q h ...,q n }-C[h}. □ 



be 



deH 2 (FZ(n+l),Z) 




e^(0 Q Aexp(52piti/h)) 



where 



1 — ii i=l ( /j 



<d,ci(V*)> 



with qi = e 



Theorem 2. ^]T|, 



A J 



CTjJ 



a 



/or a// z and a. 
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3. Equivariant mirrors of flag manifolds 

In this section we find a stationary phase integral representation 
of all solutions I to = a^, where i = l,...,n + 1. To do so, 
we shall make use of Givental's construction /' = J rcY e^i^ h uj of the 
mirror of the flag manifold || . It satisfies differential equations DJ.' = 
0. From such in order to build spectrum solutions, we shall add 
appropriate weight factors to the phase function /' and show that if 

I = j rcY e U' q + the weight factors)/^ then jj.j = ^ z = 1, n + 1. 

Introduce a graph and coordinates for vertices in the graph: 
(0,0) 

(1,0)1 (0,1) 

• — > • 

(2,0)1 (1,1)1 (0,2) 

• — > • — > m 

i i 

(n,0) i (n- 1,1)1 - (l,n-l)l (0,n) 

• — > • ... — > • — >• • 

For each edge introduce edge variables: Uij denotes the vertical edge 
variable such that whose head vertex has coordinate (i = diagonal, j = 
"x-axis"). Also Vij denotes the parallel edge variable whose tail ver- 
tex has coordinate Edges will be identified with corresponding 
variables. 



Uij | 

{hi) • 



For each box 



Vi+lj 

in the graph, impose "box" relation 



v i,j u i,j+l ~~ u i+l,j v i+l,j — 0- 
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For each roof 



• — > • 

in the graph, impose "roof" equation 

Ui,iVi,i = ft ■ 

For nonzero complex numbers g«, i = l,...,n, define Y q to be the 
affine variety 

SpecCfu, v]/ (..., VijU iJ+1 - u i+1J v i+1J , Ui,^ M - ft, ...), 

given by all box equations and all roof equations. It is a complex torus 
^x^n(n+i)/2_ rj^ e £ ac ^. f jj owg f rom fag interpretation of each edge 

variable as the fractions of "voltages" at vertices of the edge. To each 
vertex, assign free vertex variables T^- with one condition Ym=o ^oi — 0- 
Then it is natural to let u i: j = e Ti - j ~ Ti - 1 - j and = e Ti - 1 - j+1 ~ Ti - j . 
Now introduce a stationary phase integral 

Jr(t ,...,t„)= / e f *' h w q . 

JVCYq 

It is a complex valued function on (to = T 00 ,ti = T 0i i,...,t„ = T „) 
with to + ... + t n = 0. Here T is a descending Morse cycle of Ref q 
with a suitable Riemannian metric onY q . F varies covariant constantly 
with the Gauss-Manin connection on the relative homology bundle with 
fibers H n{n+l)/2 (Y q ,Ref q = -oo). Let 

oo q = /\ dT v . 

all vertices not on the main diagonal 

Observe that the form u q can be defined on Y q since it is translation 
invariant. 

To outer edges e, that is, edges whose targets are (i, 0) or sources are 
(i, n — i), assign weights \ e by 

£ \ \-i + \ J2j<i-i ife = «i,o 
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Ao I 

• > • 

Ai + |A I I 

An— 1 2 X/i<n— 1 1 J- -I 

• — ► • ... — > • — > • 

-A n -i - | Ei< n -l *i ••• -Ai - |A -Ao 

For each edge e which are neither at the far left nor at the bottom 
of the graph, let 

\ J — ^ £ — v i,j 

2 Aj_i if £ — Uij 



• — > • 

The assignment of weights on edges is given to satisfy the condition 
that the sum of outgoing weights minus the sum of incoming weights at 
each vertex at diagonal level k is exactly — Xk-i, if we set A_i = 0. 
This property will enable us to prove the equivariant mirror theorem 
for flag manifolds. 

Now define a phase function f q by 

i>0,j i>0,j 
— ^ ^g^i,j~^i— l.j _|_ g^i-l,j + l — Ti,j^ 
i>0,j 

+ / ] {Kjj {Tj,j - T^ij) + X ViJ (Tj_ij + i - Tjj)). 

i>0,j 

The first and second summation terms are respectively /' and the 
weight factor that we mentioned in the beginning of this section. 

Define <7j by equation x n+1 + <j\X n + ... + cr n+ i = nr=o(- r ~ ^i)- We 
state the equivariant mirror theorem for flag manifolds and shall prove 
it in section EO and 



Theorem 3. Let T be a descending Morse cycle of R.ef q at a nonde- 
generate critical point of f q . Then the stationary phase integral 

2r(t ,...,t„) = I e f « /h u, 



rcy„ 
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satisfies eigenvalue differential equations D{L = a {I, D 2 T = cr 2 X , 
Dn+ll = a n+1 X. 

Corollary 1. Let q be a general point in C n . Then there are (n + 1)! 
critical points of f q . Furthermore they are all nondegenerate. 



Remark. When A, = for all i, the above theorem is proven in 



3.1. Proof of theorem |3|. Since ^ does not depend on tj if j ^ i, 
the amplitude created by operating Di on I-p are the corresponding 
coefficients of the characteristic polynomial of A\ — Aq/, where 



At 



-u k o u ko v ko 

-1 V k0 - U k i UklVkl 



Uk,n—kVk,n—k 
1 Vk,n-k 



for k — 1, n. Hence 



(x n+1 + D lX n + ... + D n+1 ) ■ J e f «' h uj q 

= J det(Ai - A / + xl) ■ e f * /h uj q . 

To prove the theorem it is enough to show the following. 
Proposition 2. For k = 1, n 

J det(A k -\ k ^I+xI)-e f " /h u q = (ar-A fc _i) J det(A k+1 -\ k I+xI)-e f " /h u q , 

where A n+ i = 0. 

Proof. As noticed in M, A k = U k V k where 



Uko 
1 u kl 
1 u k2 



1 ^k.n-k 
1 



and 



o 
o 



Vko 
-1 V k l 
-1 







^k,n—k 
-1 



Since is invertible, the characteristic polynomial of — \k-il is 
equal to that of VjJJ^ — Ak-il- Using the critical point conditions 

df q 



dT k ,i 

and box relations Uki+x v ki 



u ki — Vki + l>jfc+l,i-l — Uk+l,i + Afc_i — Aj 



u k+X,i v k+l,i, 



we see that 



VkUk — Ak-il 



- diag( 



df q 



df q 



dT, 



k.Q 



'' dT, 



-,0). 



k,n—k 



A-k+1 — AfeJ 

0,...,0,-l -A fc _i 

Note that the terms in det(Vfct4 — Afc_i) which involve the derivatives 
of -^r- might have extra multiples of edge variables whose vertices are 

not (k, i). However if P is a polynomial of edge variables except whose 
vertices are not (k,i), the following holds: 



dfjh 

on 



() 



L a 



(Pe 



hi* 



{Pe 



hi* 



0J n 



di a Pe ul \ 



8T k , 



0. 



This completes the proof. 

3.2. Proof of Corollary [j]. Let 

Y = {(..., Uij,v it j, . . . ) | all Uij 7^ 0, all v it j ^ 0,all box relations}. 

F is a complex torus (C x )"( n+1 )/ 2+n . For A = (A , A n ) with J2 \ = 0, 
denote by Z\ the closed subscheme in Y defined by the ideal generated 



by 



dfq 

dT,, 



V i > 0, j. Let X x = SpecC[p , — 9 p n) Q^ 1 , 



g*W>i(p,g)- 



ax, D n+ x(p, q) — a n +i)> which is an irreducible nonsingular rational 



variety |16| . Since det(Ax — XqI + xI) = n™ =0 (x — Aj) on Z\ as shown in 
the proof of proposition 0, a morphism : Z\ — > Xa is defined by = 

-Wl,0, Pi = ^1,0 — ^1,1, p n = Ui in _i, gi = ttl,ofl,0,-,9n = Ux, n -lVx,n-l- 

Direct inverting of <fi shows that is a birational morphism. Let 7r be 
the projection from X\ to (C x ) n defined by ir(p, q) = q. The projection 



is a finite map of degree (n+ 1)! which is verified by the dimension of 
the algebra C[p, q}/D 1 (p, q) - a u D n+1 (p, q) - a n+l ) at q = 0. Now 
the proof of the corollary follows from the irreducibility of the 
degree of the projection n and Sard's lemma. 

3.3. Study of the phase function f q . Given a sequence a = (hi, k n ) 
of integers where < ki < n — i + let = -u^ if j < ki, otherwise let 
w?- = Vij. We shall express f q in terms of these independent variables 
w a -. 

We associate a sequence p^- of weights to a, inductively on n — i 
and then j, where % — 1, n + 1 and j = — 1, 0, n — i + 1. First, 
let Pn-i = 0, P^ n -i + i = ELi-i A fc- And let p£ = if w£ = 

otherwise let p^ = pf + ij_i + Aj_i. It is easy to see inductively that 
{Pij-Pij-i I J = 0, 1, .., n — i + 1} = {Ai_i,...,A n }. 



Pl,0 


= A 2 




n = 3,a=(fci,fc 2 ,fc 3 ) = (l,2,0) 

The thick lines indicate the substituted edge variables. 


P2,0 


= A 2 




= Ao + \'z 




P3,0 


= A 2 


P2,l 


= X'2 + A3 


pi, 2 = Ao + A 2 + A3 


P4,0 


= A 3 


P3,l 


= A2 + A3 


P2,2 = Al + A2 + A3 



Proposition 3. The phase function f q is, in terms of w^, 



Y Pi,i-i ln( li+ Y ( w ij + r ij{--,w° b ,...,q 1 ,...,q n ) 

i=l,...,n i=l,...,n,j=0,...,n—i 

+ a(i, j) In w^, 

where a(i,j) is Aj_i - (p?j - if j < h and a(i,j) is -A;_i + 

(Pi,j+i ~ Pi,j) otherwise. Here r^ are monomials in (w^)^ 1 and q k with 
at least one factor among qi, q n . 

Proof. To apply induction on n, let L be the triangular graph intro- 
duced in the beginning of section 3 and let L k be the triangular sublat- 
tice of L whose vertices satisfy inequalities k < i. The edges of L k 
are by definition the edges of L, connecting neighboring vertices of L k . 
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Note that L is the full lattice L. Introduce new variables associated 
to the sublattice L k as follows, 



k-l 

Qj+i — Uk+i,j v k+i,j ^fc = Aj. 

3=0 

Moreover let Q° = qj, A = 0. Consider 

vertices GLfe vertices GLfc 

By the induction hypothesis, we can assume that 
(/*)q* = E fei,i-i + ^) ln ^ 

j=l,...,n— fc 

+ K+rJ(..,< fe ,...,Qt,...,Q^_ fc ) 

i=l,...,n— fe; j'=0,...,n— i 

+ <7(z,j)lntWy), 

where r k - are monomials in (Wa 6 ) ±:L and Q\, Q k n _ k - Then substitute 
Vk,iUk,i+i for Then derive in terms of u>^- and Q^ -1 . 

The rest is straightforward. □ 

Let = f q -J2i Pi,i~i ln ?»- Tnen /g is regular at g x = ... = q n = 
and has exactly one simple critical point at the origin q — 0. Therefore 
there is exactly one critical point of f q whose limit as q goes to is the 
simple critical point of /q. Let us denote by r CT the descending Morse 
cycle of f q , whose limit is the Morse cycle T a0 of /q. Now we obtain a 
corollary which will be applied to the proof of theorem 

Corollary 2. 

i=l,...,n; j=0,...,n-i J ^^(i,]) lJ 

where cr(i,j) is defined as in the previous proposition and C a (ij) is the 
descending Morse cycle of an one-variable function x + cr(i,j) lnx. 

For later use, for a given sequence a = (ki,...,k n ) of integers < 
ki < n — i + 1, we define a{i) 6 {0, 1, n} by the requirement 

so that we may identify a as a permutation element of the symmetric 
group S n+ i of + 1 letters. 
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4. THE VlRASORO CONJECTURE 



4.1. The fundamental solution of the form ^>Re u l h . Now we re- 
call the equivariant big quantum cohomology of a projective alge- 
braic manifold X with a Hamiltonian torus T-action. Fix a homoge- 
neous basis {4> a } of H^(X, C). For simplicity assume that H*(X, C) = 
H even (X, C) (i.e. there are no odd classes) and there is a basis uj{ of 
H 2 (X, Z) such that < u>i, [C] > is nonnegative for any curve (effective) 
class [C\. Introduce formal parameters Qi and for d G H 2 (X,Z) let 
Q d = YlQi* where di =< Ui,d >. A potential function F(t) is by 
definition 

Here is an explanation of notation in the equation. First, [M gjm (X, d)] vnt 
denotes the virtual fundamental class of the moduli space M 9jm (X : d) 
of stable maps to X with genus g, m marked points and degree d G 
H 2 (X,Z). Secondly, t G H^(X) is considered as t = J2^a<Pa and the 
integral is taken as the equivariant pushforward so that the value is in 
H*(BT). The potential function defines the equivariant big quantum 
cohomology of X as following. Let H = H^(X,C[[Q]]). The quantum 
cohomology is a certain multiplication structure on the tangent space 
T t H . The quantum product o t is defined by equation 

. d d d d d d , . 
dt a 1 dtp ' dt 7 dt a dtp dtj 

Here (, ) is the equivariant Poincare pairing on T t H defined by (gf-, '■- 
f x (pa A (ftp =: g a p. There is a pencil of flat connections Vn = hd — 
Ea^«J"° with parameter h. Here d is the Levi-Civita connection 
with respect to the vector space structure of H. (Strictly speaking, 
Wfi/H are connections.) 

Spec(^ect(if )) defines a Lagrangian formal scheme L C T*H over 
the ground ring C[A , A n ][[Q]], where H*{BT) = C[A , A n ]. Let 
rankfP(X) = iV and let u be a semi-simple point in H, that is, T U H 
is a semi-simple algebra. Then L u G T*H consists of N many sim- 
ple points and there are N many local functions Ui,...,un at u such 
that the canonical 1-form J2 a P a dt a restricted to Lj coincides with 
dui := ^2 T^dta, where L { are branches of L. Since {du.i\ is linearly 
independent, {ui} forms a local coordinate system of H and the dual 
vector fields ^- can be defined. Notice that t£- o t = Sij-^-- We 
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call Ui canonical coordinates. These coordinates are unique up to order 
and additions by constants. 

Let U be diag(«i, ...,un) and A 1 be the connection 1-form matrix of 
V R so that V a J- = E/j^Ja^- Let l / A P be the len S th of afe with 
respect to the Poincare paring metric and let = E^,^- 

Then the computation of connection 1-form h^^d^ — dU with respect 
to frame A Q ^- using the expression V n, = ftd — E dup-^o shows that 

A l ^> = ^dU. 

Notice that Ui linearly depends on t a 's modulo Q and \1/ is constant 
modulo Q. 

Example. Let X = Fl(2) = CP 1 . Consider T = C x action as 
t-[x , Xi] = [tx , t~ 1 x 1 ] where t G T and [x , x±] G CP 1 . The Lagrangian 
scheme L C T*H is defined by equation p 2 = X 2 + e t Q and 1 = 1 where 
p is the cotangent direction variable associated to — 1 = t x and 1 is 
the cotangent direction variable associated to the identity element of 
H^iCP 1 ). The fiber Lr^^ of L over a point (t , t) of H consists of two 
points {(1, ±a/A 2 + e*Q)}. Then dw ± = dt +p±dt = dt Q ±^ X 2 + ^Qdt 
so that we may set u± — to ± / a/A 2 + e t Qdt. The canonical vector 
fields are = 2^r(P±^ + Jl)- Let 11 = a/P+- Then with respect to 
the ordered basis {l,p} of if* (CP 1 ) 

v —iv 
1/v i/v 

On the other hand, we have shown that {(p, = 0,P = is 

the Lagrangian scheme V = SpecCfp, g ±1 ]/(p 2 — q — A 2 ). At critical 
points of f Q , df q = pdt, so that u±(X,q) = t + f q (p±(X,q),q) (up to 
constant addition). Thus, e to ' h Zr± ~ e u± ' fi ' (up to constant multiplica- 
tion). In fact a direct computation shows that at critical points 

f q (p±, q) = 2p± + A ln(Ai + p±) + Ai ln(A + p±) 
and ^Miil = p± . □ 

Near a semi-simple point u, due to the papers |Tl], [II], [T2] there is a 
fundamental solution of form 

VRe u/n 

such that \I/ and U are defined as above and 

R(h) = i + R 1 h + R 2 h 2 + 
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A 1 



dt 
dt 



v A dt 
dt 



V2 



with R t (h)R(— h) = 1. Since Qi^-F(t) = gj^-F(t), we require that 
Qi^-R = qif^pR, where e tl = qi. Such matrix R exists uniquely up 
to right multiplication by diagonal matrices exp(^^ =1 a^ 2 * 1-1 ) where 

afc = diag(a^ , ...,ajj. ) are constants. 

Suppose T acts on X with isolated fixed points and let Wi, i — 1, N 
be T- fixed points of X and let = ^\ - ^ y where Xj( w i) are the 
weights of the induced torus action on the cotangent space T^.X at u>j. 



Let it be a semi-simple point of H^(X). There is an unique as- 
ymptotic fundamental solution of type ^Re u ^ h of the connection 
satisfying the following four conditions on R = 1 + Rih+ R2I1 2 + 

0. the divisor condition: Qi^-R = qi^pR for all i, 

1. the orthogonal condition: R t (h)R(—h) = 1, 

2. the classical limit condition: its classical limit of letting Q — > is 
exp(diag(&i, b^)) where 

fc=i 

Here I?2fc are Bernoulli numbers defined by x/(l — e~ x ) = 1 + x/2 + 

E^i^*/(2fc)!, 

3. the equivariant homogeneity condition: {fifin+Yli u ad a +^2 \d\ i )R(h) = 
0. ^ ^ 



R-Conjecture ( ||12|| ) The matrix R has the nonequivariant limit of 
letting A — > 0,...,A n — > and thus the nonequivariant limit satisfies 
the homogeneity condition (hdn + J2u a d a )R(h) = where u a denote 
the corresponding nonequivariant canonical coordinates. 



We shall prove the R-conjecture restricted to H^(X) when X is a flag 
manifold. In such restriction the homogeneity condition is replaced by 
ftm + Si < ci(7jf),d > J-)-R(fr)|fff,pr) = 0. There are two known 
ways to obtain fundamental solutions of form ^Re u ^ h restricted to 
Hj,(X). One is the localization expansion of the construction by two- 
pointed gravitational Gromov-Witten invariants and the other one is 



the stationary phase approximation of the mirror construction |T0 
We use both. There is a natural 1-1 correspondence between the fixed 
points w a and canonical coordinates u a since the points can be identi- 
fied with points L t of the Lagrangian variety L (first with Q = and 
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general A and then continuously). So we use the same label. If 



Q d f m+1 ev* {6 a ) 

S P><* = H—\ - . eu *(^)(II m + 2 

2 1711 J[Mo, m +2(Fl(n+l),d)] vlIt i=2 n-p m+2 

then 

is a flat section for all a J7j. Recall if — 1, t — ^2 ^i^i ^ ^rPO then 

ev^^Q, A exp(t/ft))) 

,i(x,d)]vw h(h-ipi) 

which is denoted by Si jQ . We see the equality using the string and 
divisor axioms. 

Suppose that X is a Fano manifold. Let T act on X and assume 
that H?p(X) is generated by the second cohomology classes {uji}. Here 
T could be just the trivial action. Let D be the algebra of differential 
operators h-^- over C[A, Qq, h]. Then the following lemma holds. 

Lemma 1. For each <j) G H*(X), there is a differential operator in 
V such that (s a ,(fi) = D^Si^t) for every a, t G Hj,(X). 

Proof. We may set D w . = frj-. If D^Si^ = (s a ,(f>) and D^^^.S^ = 
(s a , (f> o ^ - <f> A U)i), then {h-j^D^ - A^-m^J^m = (s a , <p A Ui) by 
the flatness of the section s a , where the vector fields on the affine space 
H*(X) are identified with classes in H*(X). Notice that the degree of 
each homogeneous term of the g-linear combination class <p o io i — <p A loi 
is less than deg <fi A u>i since X is a Fano manifold. This completes the 
proof. □ 

Remark. When X = Fl(n + 1), since the oscillatory integrals X and 
S\ t p with Q = 1 generated the same D-module, we conclude that the 
matrix (D a Xj) is a fundamental solution of V/j with Q = 1 for some 
D a G V. 

Theorem 4. The R-conjecture restricted to H^(X) is true for X = 
Fl{n + 1) with the T -action. 

Proof. We may let Q = 1 by the requirement of the conjecture. 
Recall that = Y2 a /3 (D a Ir i )g a ' 13 -^- is a flat section by remark above. 
Since 

D a I Ti = [ e^ h <f> a>q u 
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A J[M 



for some polynomial <p a> g in A, h, and qi (see Proposition |3|), we have 
the asymptotic expansion 

■J det Hessian/q(crit cr ) 

of the integral. From the expansion we obtain the fundamental solution 
^osc-Rosce 17 ^ where R osc = 1 + {Ri) osc fr + ■■■ and 



^(crit^ 



osc /Q.cr 



a/ det Hessian /^(crito-) 



We shall see that \l/ osc coincides with \I/ up to left multiplication by a 
constant matrix (not depending on h and q). Also we shall show that 
R osc is the R satisfying all the properties in the theorem/conjecture. 

First we prove that \l/ osc coincides with \l/ modulo right multiplica- 
tion of a constant diagonal matrix, using the symmetry of the differ- 
ential equation. Since ^ osc R osc e u ^ h is a fundamental solution, \l/ osc is 
an eigenvector matrix of the connection matrix A 1 . However there is a 
symmetry of the differential equation: 

hd(si(—h),Sj(h)) = (Hdsi(—h),Sj(h)) + (si(—h),hdsj(h)) 

= -(A 1 * OSCJ R osc (-^)e- c/ / R ) t G* OSCJ R osc (n)e c/ / ?l 
+ (y osc R osc (-h)e- u / h ) t GA 1 y osc R osc (h)e u/h = 

since GA is symmetric, where G = {g a ,p)- This shows that \E f * sc G\I / osc 
is constant in q and so the claim is true. Now considering CiD a Xr t for 
some constant not depending on h and q, we conclude that ^R osc e u ^ h 
is a fundamental solution matrix. 

We investigate R osc modulo q. In order to select R osc not ^R osc 
from the phase integrals we remove \I/ by expressing the fundamental 
solution with respect to the basis {A Q ^-}. If s is a flat section of 

Vft, then (frJ-) J (s, 1) = (s,p() modulo q. So, if s = Y^bAi^, then 

b a = L a (s, 1) modulo q where 

. . fti-al^ — — Ao 

4=n w 



\/ Aj — A j 



(Here <r as an element of permutation is defined in the remark below 
of corollary^.) Therefore, the entries of R osc that we obtained above 
satisfy 

(L T c a / e f u) T>(7 ~ R osc e u/h (mod q). 
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By corollary 

L T c a l ra \ q= o~6 aiT e-Z x ^ u/h H r(i(A CTW -A (T{j) )) 

n>j>j>0 

up to an irrelevant multiplication factor. However, for large z, 

1 1 °° B 

XnY(z) ~ (z - -)lnz - z + -\n27c + V — - 

K J v 9 ; 9 ^ 97Y97 



shown in p. 252 of fl8fl . (The convention of Bernoulli numbers in [18| is 
different from us.) So R osc satisfies the classical limit condition. 

Also from the symmetry of the differential equation we see that the 
orthogonal condition R OBC (—hyR osc (h) = 1 since R osc (—hYR osc (h) = 1 
mod q. 

Since Qj(? has the nonequivariant limit obviously, R osc has the nonequiv- 
ariant limit of A = 0. Finally, we prove the equivariant homogeneity 
of -Rose- First notice that f g is quasi-homogeneous of degree 1, if we 
assign degree 1 to the integration variables and assign degree 2 (resp. 
degree 1) to qi (resp. Aj). Expand f£ at critical point u a and so that 
after a coordinate change f£ = u a — Y^v] f° r some local variables yj. 
Now we see that 

/ e f «' h u = e u ' /h j e-^i y V h {k G + k lV 2 + k 2 y 4 ...) JJ d Vj 
J J j 

where yj has degree 1/2 and k m has degree — m — | dimX. Now using 
the asymptotic formula of the last integral and also of J e^ q ^ h (j) a ^uj, we 
conclude that the degree of R^ is — k. □ 



4.2. The Virasoro constraints for flag manifolds. In this section 
we explain in short how to prove the Virasoro conjecture for flag man- 
ifolds, applying Givental's theory [O. 

Let X be a complex projective algebraic manifold with H odd (X) = 
0. To study the so-called gravitational descendent Gromov-Witten 
invariants, consider a generating function called the genus g descendent 
potential 

F%(t:= (t , tl , ...))= ]T % I UCE^tk) 
and the total descendent potential 



Z x = exp 



\g=o,l,.. J 
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Here £j are in H*(X). The potential will be considered as a formal 
function on t(h) = t + tih + t 2 h 2 + .... Define g-coordinates by the 
dilaton shift q(ft) = % + qih + Hi^ + ••• := — lft. Here 1 is the 
identity class in H*(X). 

When X is a point, Kontsevich proved the Witten conjecture that 
the total descendent potential Z pt is annihilated by specific quadratic 
differential operators L m + 5 m0 /16, m = —1,0,1,... with commuting 
relation [L m + 8 mfi /16, L m , + <5 m / j0 /16] = ( 

The commutation relation is the Lie algebra of vector fields ~x m+1 j^. 
on the line. The first four of them are as follows. 

L_i = q%/2e + ^2q m+1 d rn , 

m>0 

L = y^(m + l/2)q m d m , 

m>0 

U = e9 2 /8 + ^(m + l/2)(m + 3/2)g m 5 m+1 , 

m>0 

L 2 = 36^/4 +^(m + l/2)(m + 3/2)(m + 5/2)g ro d m+2 . 

m>0 

Eguchi - Hori - Jinzenji - Xiong and Katz [f|, |5j extended the Wit- 
ten conjecture for Grassmannians X and for all target spaces X, re- 
spectively. The extended conjecture is called the Virasoro conjecture: 
+ 5 m fi/16)Z x = where C x are defined by data of cohomol- 
ogy of X and Chern classes of X, which will be specified later in 
theorem |. However = J2 a ,f) Te^o ?oW> + E m >i, Q Ca^ and 
C^ l Zx = means the string equation. Here r] a p is the Poincare metric 
andt(ft) = J2 a t o ( P a + Y,a t i ( t ) c e h+ ••• with a fixed basis {4> a } ofH*(X). 

If H denotes the vector space H*(X) with Poincare pairing (, ), then 
the quotient ring if ((ft)), of formal power series of ft over H, is endowed 
with a symplectic form Q defined by 

= -^7 (f(f(-h), g (h))dh 

2m J 

for / and g in H((h)). So, 7i = H((h)) is an infinite dimensional sym- 
plectic vector space. Given a transformation T of 7i which is infinites- 
imally symplectic, that is Q(Tf,g) +Q(f,Tg) = 0, define a differential 
operator T as a quantization of T as follows. First, consider a quadratic 
function T associated with T by assignment / i— > |^(/, T/). Then take 
a quantization T of T by the rule: PiPj i— ► e-^--^-, piqj i— > g^g? i— > 

qiqj/e with Daboux coordinates (p, g) of polarization 7i = 7i + + W_ 
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where 7i + is the subspace of nonnegative power series of ft. For exam- 
ple, if H = C 2 with the standard inner product and T is the multipli- 
cation operator by 1/ft, i.e., Tf — f /ft with 

/ = ...-(^+^)A 3 + (p}+pD/^-(P^Po)A+(% 1 +% 2 ) + fe 1 + ^)^+--- 
(here superscripts are indices), then 

T-W^ + W — 

i=l,2 \ ZC m>0 

In fact, when H = C, and D = ftj^ft, the quantization of D m = 

hr x l 2 D mJrl Tr x l 2 are exactly the Virasoro operators L m for X =point. 

Define a transformation S t on //[[ft -1 ]] by (a, S 1 ^) =<< a, >>, 
where 

«a, - >>= (a, b) + 

n — ip 

00,00 Q d f m 

0^deH 2 (X),m=0,l=0 n J[M , m+2 (X,d)]^ i=2 

As introduced for X = FZ(n + 1), for general X we have notions of 
semi-simple quantum cohomology, canonical coordinates u a , a pencil 
of flat connections and an asymptotic fundamental solution ^Re u ^ h . 
Here R is form of 1 + R\h + ... satisfying the orthogonality condi- 
tion R*(—h)R(h) = 1. Such R is unique up to right multiplication 
by diagonal matrices. However R is uniquely determined if the homo- 
geneity condition is imposed. Now if T is S or R(fr), then T could 
be viewed as a symplectic transformation of suitable completions of 7i 
since T*(h)T(-h) = 1. Let f = exp(lnT)*. Denote (g x (ft), ...,q N (h)) = 
^ r_1 q(^) for q(ft) G and define an operator ^ by /(\l/ _1 q) 1— > /(q). 
Notice that q l (ft) -coordinate system is based on the orthonormal frame 
A Q ^-. The homogeneity condition of R is E(^Re u/h ) = fi(^Re u/h ), 
where E = hd h +Y,u a d Ua andp = diag(deg(</>i)-dim c X/2, deg(0jv)- 
dimcX/2). On the other hand S satisfies the homogeneity condition 
of ES = /j,S + S(n + p/ft)*, where p is the operator of multiplication 
by C\(Tx) in ordinary cohomology ring. Define 

= S u 1 ^>RL m R 1 S U 
for m = —1, 0, 1, 2, .... where L m is taken as D m with H = H*(X). 



The following theorem in [12| explicitly shows that the operator 
is completely determined by topological terms. 
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Theorem 5. The operator is L^f + ^tr where L%f = 

Wh- p L m hPh- i >- = ft~ 1/2 {ft-$ji - M + p^tr 1 / 2 , m > -1. 

The Virasoro operators Lf^f + ^p-tr(/i/i*) agree with the operators 
in ||. The theorem holds for a conformal semi-simple Frobenius man- 
ifolds. 

Let a projective manifold X have a Hamiltonian torus T action with 
isolated fixed points and let a be a semisimple point of H^(X). The 
previous potentials have the obvious equivariant counterpart. The fol- 
lowing is shown in [|n[] and is reformulated in [E2| as stated here. 



Theorem 6. In the equivariant setting of Gromov-Witten theory, 

N 
i=l 

if R(z) is normalized by the classical limit condition in theorem [| and 



is defined up to addition of constant. 



Remark. According to [12| the right side of the equation of the above 
theorem does not depend on the choices of a semi-simple point u, even 
though each term may depend on the choices. 

The theorem shows 

(CY + NS mfi /16)Z^ = 0, 
where is the equivariant counterpart of 

Theorem 7. The total descendent potential Zx of a flag manifold X 
coincides with e c{u) S^Re {u/h) ]\* =1 Z pt (q l {K)). 

Proof. Take the nonequivariant limit of the equation of theorem ^ 
at a semi-simple point u in H^(X). The left side of the equation is 
specialized to the ordinary total descendent potential. The limit of R 
on the right side exits. The limit is the homogeneous ordinary R due 
to theorem [| combined with the uniqueness of homogeneous R\h 2 (x)- 
□ 

Combined with theorem [5], the above theorem shows the following 
corollary. 

Corollary 3. The Virasoro conjecture for flag manifolds X holds: 
(CX + N6 m , )Z x = 0,m>-l. 
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